The purpose of this paper is to investigate how the relative dimension with respect to right approximations behaves on a recollement ( , , ) of abelian categories , and . As an application, the relative dimensions with respect to tilting objects of abelian categories involved in a recollement ( , , ) are recovered.
Introduction
Thirty-five years ago, Beilinson, Bernstein and Deligne [1] first introduced the recollements of triangulated categories in the construction of perverse sheaves. Now it plays an important role in algebraic geometry, representation theory, polynomial functor theory and ring theory, see for example [1] - [4] and references therein. Psaroudakis and Vitória observed that a recollement whose terms are module categories is equivalent to one induced by an idempotent element and is extensively studied (see [3] , [4] ).
The relative homological dimension with respect to contravariantly finite subcategories was defined by Dugas [5] in order to generalize some standard theory of projective modules (also see [6] ). In 2014, Psaroudakis explicitly investigated how various homological invariants and dimensions of the categories involved in a recollement are related. In particular, he showed that the homological dimensions of can be bounded by the homological dimensions of and .
Motivated by the above research mentioned, our main aim of this present paper is to study how the relative dimension with respect to right approximations behaves in a recollement ( , , ) between abelian categories. Throughout, we denote by , K and Id the set of nonnegative integers, an algebraic closed field and the identity functor, respectively.
functorially finite subcategory. For example, the module category mod  over an artin algebra  has a contravariantly finite subcategory, which is the subcategory consisting of all projective  -modules, denoted by proj . For any K -coalgebra C , let inj be the subcategory consisting of all injective right C -comodules, which is a covariantly finite subcategory of Comod -C . If C is a right semiperfect coalgebra, then Comod -C both has a contravariantly finite subcategory and a covariantly finite subcategory. From now on, we assume that A is always a contravariantly finite subcategory of . Then we give the following definitions which play an important role in our main results.
Definition
Let  A be a contravariantly finite subcategory with abelian category . An A resolution of M  A is the following exact sequence
with each i T  A such that the induced sequence
is exact for all T  A .
Remark
The methods of constructing an A -resolution of an object in is similar to constructing a projective resolution in [8 [4 3) If the pair ( , ) er is an adjoint functor pair and the functor r is exact, then the left adjoint functor e preserves projective objects.
Definition

4) If the pair ( , )
leis an adjoint functor pair and the functor l is exact, then the right adjoint functor e preserves injective objects.
5) If the pair ( , )
er is an adjoint functor pair and the functor e is exact, then the right adjoint functor r preserves injective objects. 6) For any adjoint functor pair, the left adjoint functor preserves the right exactness and commutes with any direct sums; the right adjoint functor preserves the left exactness and commutes with any direct products, such as for the adjoint pair ( , ) le, we have that Add( ( )) Add( )
Lemma
Let ( , , ) be a recollement of abelian categories.
1) If
A is a contravariantly finite subcategory of , then () e A is a contravariantly finite subcategory of .
2) If A is a covariantly finite subcategory of , then () e A is a covariantly finite subcategory of .
3) If A is a functorially finite subcategory of , then () e A is a functorially finite subcategory of .
Proof.
(1) For any object C  , since A is a contravariantly finite subcategory of , it follows that for (C) r  , there exists a right A -approximation of (C) r , that is, (2) is a duality of (1). And (3) follows directly from (1) and (2).
Lemma
Let ( , , ) be a recollement of abelian categories. 
Corollary
Main Results
Now, we have prepared all the ingredients to state our main results in this paper.
Lemma
[5, Lemma 3.1] For an abelian category , if B  and A is a contravariantly finite subcategory of .
Then the following statements are equivalent:
2) the minimal A -resolution of M has length at most k . 3) M has an A -resolution
ik and all objects Y  A .
Theorem
Let ( , , ) be a recollement of abelian categories with a contravariantly finite subcategory 
T T T T T T T T T r C
is exact for T  A . Applying the exact functor : e  to (2.5), we obtain an exact sequence
it is enough to show that the induced
is exact. Since the morphisms 0
follows that the morphisms
-approximations. Indeed, the functor r is fully faithful and () re  A A. This implies that the sequence (2.6) is exact. Hence, from Lemma 3.1, we get the inequality ( ) dim(C) . ek  A 
T T T T T T T T T i A
is exact for T  A. Applying the exact functor : q  to (2.7), we obtain an exact sequence The assertion (3) can be easily obtained from the proofs of (1) and (2).
Theorem
Let ( , , ) be a recollement of abelian categories with and having enough projective objects.
IfT is a tilting object in , then there is a tilting torsion pair ( ( ), ( )) T T in . 
